Abstract. We will present a new proof of the rigidity theorem for Seifert fibered spaces of infinite π 1 by Scott (1983) in the case when the base of the fibration is a hyperbolic triangle 2-orbifold. Our proof is based on arguments in the rigidity theorem for hyperbolic 3-manifolds by Gabai (1997) .
It has been twenty years since Scott [11] proved the rigidity theorem for Seifert fibered spaces M with infinite fundamental groups. In fact, he proved the theorem in the case when the base of M is a triangle 2-orbifold O(p, q, r) with 1/p + 1/q + 1/r ≤ 1. In all other cases, M is a Haken manifold and the proof of the theorem reduces to Waldhausen's rigidity theorem [14] . Scott's result was the first major step in the proof of the Seifert Fibered Space Theorem which was completed by Gabai [5] and Casson-Jungreis [3] independently. The theorem says that if the fundamental group π 1 (M ) of a closed irreducible 3-manifold M contains a normal subgroup isomorphic to Z, then M is a Seifert fibered space. On the other hand, the rigidity theorem for hyperbolic 3-manifolds was proved by Gabai [6] in the case when manifolds satisfy the insulator condition. After that, Gabai, Meyerhoff and N. Thurston [7] completed the hyperbolic rigidity theorem by showing that any closed hyperbolic 3-manifold satisfies this condition.
In this paper, we will present a new proof of Scott's Rigidity Theorem in the case when the base O of a Seifert fibered space M is a hyperbolic triangle 2-orbifold. Roughly speaking, our proof is the 2-dimensional (and hence a simpler) version of Gabai's argument in [6] . Such an approach is very natural and compatible with the widely recognized idea in three-manifold topology that any Seifert fibered structure with infinite π 1 is a degenerating limit of 3-dimensional hyperbolic structures. In fact, the coveringX of M associated to an infinite cyclic normal subgroup of π 1 (M ) is quasi-isometric to the hyperbolic plane H 2 . Our proof is completed by showing that the π orb 1 (O)-orbit of some point x ∈ H 2 satisfies the 2-dimensional insulator condition.
Theorem 0.1. Let f : M −→ N be a homotopy equivalence between closed orientable and irreducible 3-manifolds. If M admits a Seifert-fibration whose base is a hyperbolic triangle 2-orbifold, then f is homotopic to a homeomorphism.
As a benefit of our proof of Theorem 0.1, we have a considerably shorter proof of the following, which is also the hyperbolic base case of the theorem given by Scott [12] (see also Boileau-Otal [2] ).
where D i:j [ρ] is a ρ-least area plane properly embedded in H 3 ρ with ∂D i:j[ρ] = λ i:j . In the original paper [6] , D i:j [ρ] was a D 2 -limit lamination in H 3 ρ spanned by λ i:j . It was later shown that D i:j [ρ] can be supposed to be a properly embedded plane; see [13] . We note that intersections of properly embedded planes can be treated fairly easily compared with those of D 2 -limit laminations. By studying the situation of
1 (c ) for a core c of some open solid torus V in N . By using this fact, it is shown that f is homotopic to a map g : M −→ N such that g −1 (V ) = V and ψ = g|(M −V ) : M −V −→ N −V is a homotopy equivalence; see [6] for details. By Waldhausen's Rigidity Theorem [14] , ψ is properly homotopic to a homeomorphism, which can be extended to a homeomorphism from M to N homotopic to f .
Next, suppose that f : M −→ M is a self-homeomorphism of a closed hyperbolic 3-manifold homotopic to the identify Id M . Let V be an open solid torus designated by the insulator condition for M with respect to the hyperbolic metric ρ on M . Then, f (V ) is a designated open solid torus with respect to the push-forward metric f * (ρ) on M . It follows that V is ambient isotopic to f (V ), and hence f is isotopic License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use to a homeomorphism f : M −→ M with f |V = Id V . By using this fact, one can show that f and hence f are isotopic to Id M . Seifert fibered case. Let M be a closed Seifert fibered space with a hyperbolic base 2-orbifold O. For the proofs of Theorems 0.1 and 0.2, it suffices to consider the case when O is a triangle 2-orbifold.
Let f : M −→ N be a homotopy equivalence from the manifold M to a closed irreducible 3-manifold N . There exist finite coverings p 1 : X −→ M , q 1 : X −→ N such that the induced fibration on X is an S 1 -bundle over a closed hyperbolic surface, and f is lifted to a map f 1 homotopic to a homeomorphism . It will be proved by arguments similar to those in the hyperbolic case. In particular, we need to study the situation of designated solid toriV i inX under a continuous deformation of Riemannian metrics on M from ν to f * (ν).
Insulator condition for Fuchsian orbits
We refer to Hempel [8] and Jaco [9] for the fundamental notation and definitions of 3-manifold topology. All 3-manifolds in the paper are assumed to be orientable.
Let M be a closed Seifert fibered space with the Seifert fibration σ : M −→ O, and let f : M −→ N be a homotopy equivalence to a closed irreducible 3-manifold N . Suppose that the base O is the hyperbolic triangle orbifold O(p, q, r), where p, q, r are integers with 2 ≤ p ≤ q ≤ r and 1/p + 1/q + 1/r < 1. Let γ be the cyclic subgroup of π 1 (M ) such that the generator γ is represented by a regular fiber of M . Since O is orientable, γ is contained in the center Z(π 1 (M )) of π 1 (M ). We set G = π 1 (M )/ γ and G = π 1 (N )/ f * (γ) , and let f * : G −→ G be the isomorphism induced from f * : π 1 (M ) −→ π 1 (N ). The group G is naturally identified with the orbifold fundamental group π orb 1 (O). For any g ∈ G, the element License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use f * (g) ∈ G will be denoted by g . Let a : F −→ O be an orbifold covering such that F is a closed hyperbolic surface, and letâ :
is the finite covering corresponding to p 1 , then f : M −→ N can be lifted to a homotopy equivalence f 1 : X −→ X . Note that X has the S 1 -bundle structure
Since X is a Haken manifold and X is irreducible (see Meeks-Simon-Yau [10] ), f 1 is homotopic to a homeomorphism f 1 . Thus, we have the following commutative diagram:
Fix a Riemannian metric ν on N , and also denote the induced metrics on X and X by ν. The manifoldX has the S 1 -bundle structureσ :X −→ H 2 induced from σ X . Then, we have the following diagram consisting of four blocks. The right lower block is homotopically commutative, and the other three are commutative in the usual sense.
The group G is regarded as an isometric and properly discontinuous transformation group on H 2 , i.e. G is a Fuchsian group, and also the covering tranformation group onX with respect to p 1 •p. The group G is regarded as the ν-isometric tranformation group onX with respect to
In particular, one can suppose that the compactification ofX as a Gromov hyperbolic space has the boundary S 1 ∞ . The covering transformations ofX corresponding to g ∈ G and g ∈ G are properly homotopic to each other such that the length of each trace of the homotopy is uniformly bounded. This means that the action of G on S 1 ∞ is equal to that of G . Thus, f * : G −→ G is the identity map as a transformation on S 
Let L be the set of all geodesic lines contained in n i=1â
is an incompressible torus in X. According to FreedmanHass-Scott [4] , there exists an embedded torus T i in X which is ν-least area among all tori homotopic to Since the ν-length of each trace of the homotopy between T i and T i is uniformly bounded, that between g A i and g A i is uniformly bounded for any g ∈ G . Moreover, as is seen above, that between g A i and gA i is uniformly bounded. It
2 − D satisfying the following two conditions:
In (a), the two shaded regions represent respectively
. In (b), the shaded region represents Q 1 ∪ · · · ∪ Q k , and the dotted line represents ∂B C (x).
∨ (α)} consists of two components. For any geodesic line β meeting α orthogonally in a single point x ∈ H 2 , consider an element g ∈ G with g(x) ∈ D. The points y, z ∈ g(β) of distance C from g(x) are contained respectively
, where i, j are the numbers satisfying the above condition if we set g(α) = ζ and g(β) = η. Then,σ −1 ({y, z}) is contained in IntE(g(α) ). This implies that L C (α) contains ∂E(α).
For convenience, we fix a direction of α. Consider a sequence {α 0 , α 1 , α 2 , · · · } of compact connected subsets (geodesic segments) of α satisfying α n ⊂ Intα n+1 and n α n = α. The annulus Λ n =σ −1 (α n ) is a deformation retract of A α .
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For any n ∈ N, let Λ + n , Λ − n be the components of Λ n − IntΛ n−1 , where Λ + n is supposed to be ahead of Λ − n with respect to the direction of α. If necessary, replacing {α n } by a suitable subsequence, one can have mutually disjoint elements J n ∈ A ( = ±, n ∈ N) satisfying the following two conditions:
• J n meets Λ n non-trivially and J n ∩ (A α − IntΛ n ) is empty.
• The two end components of J n are contained in distinct components of E(α).
LetX n be the closure of the middle component ofX − J Figure 2 .3. By the Annulus Theorem (for example, see Jaco [9, Theorem VIII.13]), there exists an essential annulus (A n;α , ∂A n;α ) properly embedded in (Y n (α), ∂ 0 Y n (α)). Let A n;α be a ν-least area annulus inX n bounding ∂A n;α . Again by [4] , A n;α is an embedded annulus. Since all elements of A ∨ (α) are ν-least area, A n;α is contained in Y n (α). For
n;α )} m≥n is a sequence of ν-least area essential annuli properly embedded in (Y n (α), ∂ 0 Y n (α)) with sup m {Area ν (A (m) n;α )} ≤ Area ν (∂Y n (α))/2. By the Ascoli-Arzelà Theorem, the sequence has a subsequence which converges uniformly to a ν-least area annulus in (Y n (α), ∂ 0 Y n (α)). By applying the diagonal argument to {A n,α }, one can show that the sequence has a subsequence converging uniformly on any compact set to a ν-least area open annulus A α properly embedded in 
Let ∆ be a maximal hyperbolic triangle containing ∆ j 1 ,j 2 ,j 3 . Here, ∆ being maximal means that all vertices of ∆ are in S 1 ∞ . Thus, d(x 0 ) would not be greater than the inscribed radius of ∆ , which is log √ 3 (for example see Beardon [1, §7.14] ).
We will show that if (p, q, r) = (2, 3, 7), then the inequality
holds. As is suggested in Figure 2 .4, if the inequality (2.1) holds for (p, q, r), then it also holds for any (p , q , r ) with p ≥ p, q ≥ q, r ≥ r. Thus, it suffices to consider the cases of (p, q, r) = (2, 3, 8), (2, 4, 5) , (3, 3, 4) . d(x 0 ). Then, we have
where x 8 is the point in H 2 as shown in Figure 2 .6. Suppose that δ j 1 :0 , δ j 2 :0 , δ j 3 :0 satisfied the tri-linking property. Since the radius d(x 0 ) of D j 1 ,j 2 ,j 3 ⊂ ∆ j 1 ,j 2 ,j 3 has a value sufficiently near to log √ 3, ∆ j 1 ,j 2 ,j 3 would be geometrically well approximated by ∆ . From this, we know that ∆ j 1 ,j 2 ,j 3 does not have any edge with d j k > 0.9, a contradiction. In fact, it is not hard to show that d j k is at most 0.55739 · · · by considering the extremal case when a round disk of radius d(x 0 ) touches two edges of ∆ . Thus, also in the case of (p, q, r) = (2, 3, 7), Gx 0 satisfies the insulator condition. 
Proofs of theorems
We will always assume that any two least area surfaces meet each other transversely, if necessary by deforming them slightly. Fix an x 0 ∈ (a •â) −1 (x 0 ) for the point x 0 ∈ Σ O given in Lemma 2.3. Set Gx 0 = {x i } i∈Γ for a countable set Γ. As in §2, for any ordered pair (i, j) of distinct elements of Γ, let α i:j = α j:i be the perpendicular bisector line of the geodesic segment connecting x i with x j . Let A i:j be a ν-least area open annulus associated to α i:j . We will take them so that 
Outside of H First, we will show that Id M is isotopic to a diffeomorphism f : M −→ M with f (W ν ) = f (W ν ). Let us consider a continuous deformation of Riemannian metrics on M from ν = ν 0 to f * (ν) = ν 1 defined as follows. Let g 0 , g 1 be the inner products on the tangent bundle T (M ) determining the Riemannian metrics ν 0 , ν 1 . Then, the Riemannian metric ν t (t ∈ [0, 1]) on M is determined by the inner product g t
